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REAL SUBMANIFOLDS OF CODIMENSION TWO
IN COMPLEX MANIFOLDS!'
BY
HON-FEI LAI

ABSTRACT. The equivalence problem for a real submanifold M of dimension at
least eight and codimension two in a complex manifold is solved under a certain
nondegeneracy condition on the Levi form. If the Levi forms at all points of M are
equivalent, a normalized Cartan connection can be defined on a certain principal
bundle over M. The group of this bundle can be described by means of the
osculating quartic of M or the prolongation of the graded Lie algebra of type
g_, ® g_, defined by the Levi form.

1. Introduction. Pseudoconformal geometry is concerned with the invariants of a
real submanifold M of a complex manifold under biholomorphic transformations
of the ambient manifold. Local invariants for hypersurfaces have been studied by
E. Cartan in the case of C2, and recently by Tanaka and Chern and Moser in the
general case (see [1] for references). Since then, a lot of work has been done by
various authors. For higher codimensions, however, the only results known are
those of Tanaka [7] on the Lie algebra of infinitesimal automorphisms of the
submanifold.

There are two essential distinctions between codimension one and higher codi-
mensions. Firstly, a hypersurface is always RC-regular, whereas in higher codimen-
sions the RC-singular points determine the characteristic classes of M [5]. Secondly,
the Levi form of a hypersurface, being a Hermitian form, is completely determined
by the number of positive and negative eigenvalues, and if the Levi forms at all
points are nondegenerate, then they are all equivalent (assuming connectedness); in
codimension p > 1, the Levi form is a Hermitian mapping into a p-dimensional
Euclidean space, and there are many more invariants, and even if the Levi forms at
all points are nondegenerate in any reasonable sense, they need not be equivalent.

In §2 of this paper we study the Levi form for codimension two, and introduce a
reasonable nondegeneracy condition that will ensure that the Lie algebra of
infinitesimal automorphisms of M is finite dimensional. The general scheme [7], [8]
of prolongation of a generalized graded Lie algebra, which we will just refer to as a
graded Lie algebra, is then used in §3 to compute the Lie algebra (for dim M > 8)
which governs the pseudoconformal structure studied in the following three sec-
tions. Unexpectedly, this Lie algebra turns out to be of very low dimension
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compared with the case of a hypersurface. The same Lie algebra is identified with
the Lie algebra of the group of projective automorphisms of a standard quartic in
§7. Lastly, in §8 we construct a Cartan connection on a suitable bundle over M,
from which all local pseudoconformal invariants of M can be derived by successive
covariant differentiations of the torsion and curvature. Throughout this paper, only
local properties are studied. However, the fact that we are dealing with even-
dimensional manifolds brings a good hope of global, particularly topological
properties.

2. The Levi form for codimension 2. Let M be a (2n + p)-dimensional real
submanifold of an (n + p)-dimensional complex manifold N. We want to find all
the local pseudoconformal invariants of M. There is no loss of generality in
assuming that N = C"*? with the usual almost complex structure J. We assume
that M is RC-regular [5], that is, the maximal complex subspace of the tangent
space of M at each point is n-dimensional. In this case there is a well-known
pseudoconformal invariant, the Levi form [3]

L: HM) x H(M) — T(N)/T(M),
where T(M) is the tangent space of M, and H(M) = T(M) n J(T(M)) is the
maximal complex subspace of T(M); it is defined by
L(X, Y) = #J[JX, Y]
for all vector fields X, Y on M belonging to H(M), where # is the projection of
T(N) onto T(N)/ T(M).

For our purpose, it is more convenient to think of the Levi form as a bilinear

map (over functions)

L: HM) X HM)—>T(M)/H(M)
defined by

L(X, Y) =X, JY] 2.1

for all vector fields X, Y on M belonging to H(M), where 7 is the projection of
T(M) onto T(M)/ H(M). We have

L(X,Y)=L(Y,X)= L(X,JY)
forall X, Y € H(M).

We now restrict to the case p = 2 and study the matrix representation of L.
Consider, in more general terms, a Hermitian bilinear map

LV XVSW,
where V is a 2n-dimensional real vector space with almost complex structure J, and
W is a two-dimensional real vector space. Let {¢, ..., ¢, Je,, ..., Je,} be a basis

of V, and {e;, ey} a basis of W. Then the Hermitian map L can be written
L(X,Y)=L"(X, Y)e, + L¥(X, Y)e,, where L", L? are Hermitian forms on V.
Complexify and get a Hermitian sesquilinear map

L:VXVosW®C, (2.2)
that is, L(zX, z'Y) = zz’ (X, Y) for all X, Y € V, z, z’ € C, when V is regarded
as a complex vector space by means of J. The matrices of the complexified forms
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L®:V X V- Care2g® = (2g5),,; fora = 1,2/, where
285 = L¥(e, ) + V1 L¥(e, Je). (23)

We need to find the invariants of L under the action of GL(n, C) on V and
GL(2,R)on W.

DEFINITION 2.1. A Hermitian sesquilinear map L: V' X ¥V — W & C with dimcV
= n > 2 is said to be most nondegenerate if, for some bases {e,, ..., e,} of V over
C and {e,, e} of W, det(\g" — ug?*) is not identically zero and factors into n
nonproportional linear factors in A, p. A symmetric bilinear map L: V X V> W
satisfying L(JX,JY) = L(X, Y) for all X, Y € V is said to be most nondegenerate
if its complexification is.

It is easily seen that this definition is actually independent of the choice of bases
in ¥ and W. Moreover, under a change of bases in W, we have g** = b;,"gﬂ for
(bg) € GL(2, R). Since there is only a finite number of ratios A: p such that
det(Ag" — ug?) = 0, it follows that, for an open dense set in GL(2, R), the matrices
g", g% are both nonsingular.

LEMMA 2.1. Let g", g% be nonsingular Hermitian matrices of order n such that
det(\g" — g?) factors into n nonproportional linear factors in \. The roots occur in

conjugate pairs. Denote them by N, Nj, Az, Mgy« « o s Agm— 1> A 1s Agmats -+ + > Ao
where 0 <K m < n/2, A, ..., \,, _, are not real, and \,,, , |, . . . , \, are real. Then
there is a basis {e,, . . ., e,} of V such that:
0 ¢
¢ O
gl' = 0 EZm—I ’
Com—1 0
Cam+1
c'l
0 \¢,
Aie, O
g¥ = 0 Aom—1€2m—1
Aom—1€2m-1 O
Ao +1€2m+1
A
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Moreover, c,, . . ., c,,,_, can be chosen to be 1, and c,,,,,, . . ., c, to be *1. When
the order A, . . ., A, is fixed, the basis {e,, . . ., e,} giving the above canonical forms
for g¥, g% is determined up to transformations of the group
{diag(e"', e, ..., e%m eThmo1 gibamn | ibh):
a,ay ..., 4, €Chby,,...,b, €R},
where i =V -1 .

PROOF. The zeros of det(Ag"” — g%) occur in conjugate pairs since

det(Ag" — g%) = det(A\'g" — %) = det(Ag" — g?).
Note that

det(\g" — g%) = det(g") - det(AI — (g")'g?),
so A, are the eigenvalues of § = (g")'g?. Under a change of basis in V,
gre = ’Ag"/T fora=1,2,
$0

(g*")'g** = 47(g") %4
Thus the matrix of # changes by similarity. Since the eigenvalues A, are distinct, we
can find a basis {e|, ..., e,} of V for which 8 is diagonal, 8 = diagA,, ..., A)),
where Ay, = Ay, for | <i <m, and Ay, ,,,- ., A, are real. Then g% = g'9, or
g7 = gjA. The Hermitian property of g* gives giA =giA, or gi(\, — A) = 0.
Therefore g/ = 0 unless {i,j} = {2k, 2k — 1} with 1 <k < morelsei =j > 2m
+1. Consequently g« are of the form stated in the lemma. Moreover, by taking

suitable multiples of e, ..., e, we can make ¢, =c¢;=...=¢,,_, =1 and
Coms1s -+ + » €, =F 1. The rest is clear.

At this point it is convenient to set a convention. If the roots of det(A\g!” — g2)
are A, ..., A, with A, =A,,_, @R for 1 <i<mand A\,,,,,...,\, ER, we
write

2i=2i—1 forl <i<m,
2i —=1=2i forl <i<m, (2.4)
j=Jj for2m+1<j <n.

Then we can write \; = A, for 1 <i < n.

LEMMA 2.2. Let dimcV = n > 3. Then among the roots \,, . . ., A, in Lemma 2.1,
any three real parameters can be made equal to three different but otherwise arbitrary
real numbers by suitable choice of basis in W. After this normalization, two Hermitian
maps L, L': V X V — C? are equivalent under the actions of GL(n, C) on V and
GL(2, R) on C? (that is, there exist A € GL(n, C) and B € GL(2, R) such that
L'(Av, Aw) = B(L(v,w)) for all v, w€ V) if and only if {(A,..., N} =
AL - AL

ProOOF. Under a change of basis in C? by the action of GL(2, R), the roots A are
transformed by the same projective transformation with three parameters. The rest
follows easily.
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3. The prolongation of the graded Lie algebra. Whereas in the case of a
hypersurface there is a hint that the Lie algebra of infinitesimal pseudoconformal
transformations of M should be the Lie algebra of the group of projective
transformations of the osculating hyperquadric, for codimension 2 there is no
obvious analogue. However, according to the scheme of Tanaka [7], the associated
Lie algebra is the prolongation of a certain graded Lie algebra of type g_, © g_;. In
this section we study this graded Lie algebra. '

Let M be an RC-regular (2n + 2)-dimensional real submanifold of C**2 n > 2,
whose Levi forms at all points are equivalent and are most nondegenerate. We can
then associate a graded Lie algebra g_, @ g_, modeled after the Levi form of M, by
taking g_, = V to be the maximal complex subspace of the tangent space to M at
one point p and g_, = W to be the quotient 7,(M)/g_,, and by defining [X, Y] =
~L(X,JY) for X, Y € g_,, where L is the Levi form defined in (2.1), and by
putting all other brackets to be zero. Thus the new bracket is the ordinary Lie
bracket of vector field extensions projected into g_,. The assumption of most
nondegeneracy implies that [g_,, g_;] = g_, since n > 2. The graded Lie algebra
g_, ® g_, is of the type called pseudo-complex by Tanaka [8, p. 72}, and for such a
graded Lie algebra Tanaka has given in the same paper a general scheme of
prolongation similar to that of [7], and if the prolongation g is finite-dimensional,
then the Lie algebra of all infinitesimal pseudoconformal automorphisms of M is of
dimension < dim g. In this section we calculate the prolongation g. Its Lie group is
used to solve the equivalence problem for M in §4 and to define a Cartan
connection on a certain bundle over M, describing all local pseudoconformal
invariants of M, in §8. We will use [ , ] to denote the bracket operation in the Lie
algebra g_, ® g_,. For the rest of the paper we will let the indices «, 8, y run from
1"to 2" and i, /, k, / from 1 to n.

Take a basis {e,,...,e,} of g_, over C and a basis {e,, e,} of g_,. Write
[X, Y] =[X, Y]'Pe; (summation) for all X, Y € g_;, and define the Hermitian
matrices g* = (g5),; by

285 =[e, Jg ] — V-1 [¢, ] 3.0)

for each a, i, j, as in (2.3). The assumption of most nondegeneracy enables us to
choose e, e, such that g', g% are both nonsingular. Then (g')"'g? has distinct
eigenvalues A, . . ., A, satisfying A; = A, where / is defined in (2.4), for 1 <i < n.
We also choose a basis of ¥ such that g'" and g2 have the normal forms described
in Lemma 2.1.

For any n-tuple (¢, . . ., {") of complex numbers, we define
gj(a) = gjzf" for each a, j, 3.2)
where summation over k is implied. If ({',..., ") and (¢", ..., {) are any two

n-tuples of complex numbers and {‘ = ¢’ + V-1 7', {" = ¢+ V-1 7, it is easy
to verify that

{j(a)g-u — g-j/(a)g'j =V -1 [‘S’e/ + ,nj;]ej’ g/;?k + n,,:,ek](a) (33)
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for each a. Hence

PROPOSITION 3.1. The graded Lie algebra g_, ® g_, is isomorphic to the subalgebra
of gl(n + 3, C),

0 0| | V-1x
) _ .
! 0 01 g7 | V-lr ) yeR eCfori=1,...,n}
0 0| © ¢
Lo of o 0 )

graded naturally by the block matrices, that is, §_, is described by x,y and g_; by §'.

Following the scheme of Tanaka, we let g, be the Lie algebra of all derivations of
g_, ® g_, preserving the almost complex structure on g_j, that is g, is the set of all
pairs (p, ), where p: g ,—>g_, and o: g_, > g_, are linear maps over R, C
respectively, satisfying

p([X, Y]) =[o(X), Y] +[X,0(Y)] forallX,Y €g_,. 3.4

PROPOSITION 3.2. Under the representation of Proposition 3.1, g, is represented by

a 0
0 a

Tar+s| |2 ERT=diag(r), 1= fori=1,...m

provided that n > 3.

PrOOF. Take a pair (p, 0) € g, and let (og), (crj") be the matrices of p, o relative to
the bases {e,} and {¢;} respectively. Take X = {’e;, Y = {’e,. Then equations (3.3),
(3.4) give

pagb (857 — ¢%7) = g2 (it " — ¢'6LEx) + g (Gl — it )
= (g5of + 823 )(§%" = 7).
Since ¢/, {” are arbitrary, we must have
ngg = 812',-0.~k + g;;ajk’
or
pggP = 'og* + g6 fora=1,2. (3.5)

Recall that g, g? are both nonsingular and that # = (g")"'g? has distinct
eigenvalues A,. Then ¢ = (g*)7'g" has distinct eigenvalues p, = 1/A,. Equation
(3.5) can now be written

, , _ n=1 ,
pid +py0 =35+ (g") (0)g",

2 g 2yl o2 (3.6)
o¥o + ol = 5 + (57 '(0)g™.
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Write p = [2 5] and o' = (g")'(0)g" = (/). Then (£*)"'(0)g* = ¢0’8, so (3.6)
becomes

i i —Ii ’ ’i —i 7 (37)
wd + dof = 5/ + woyd; = o + A/

{as;‘ + bN3 = 5] + af,
From these two equations, using the nonproportionality of A;, we conclude that
o/ =0 wheneveri # (3.8)
and
a+b\=6/+0'=cy+d foralli. 3.9)

It follows that a — d = ¢/, — bA,. Take two different indices i, j, and get
¢/N — b\, = ¢/, — b\, or ¢ = -A\b. It follows that

b=c=0 providedn > 3. (3.10)
So, assuming that n > 3, we have, from (3.9),
a=d=ga/+ o foralli. (3.11)

Write ¢ =3al + 7. Then (3.8) and (3.11) imply that 7 is a diagonal matrix
diag(t!, . . ., ") satisfying
g'T+rg" =0 (3.12)
(which is actually equivalent to g7 + 7g% = 0).
Since g'" is in the normal form described in Lemma 2.1, we have g # 0 if and
only if j = i. Therefore (3.12), which can be written as g/;(7/ + 7°) = 0 for all i, j,
yields the relations

ti=_7" fori=1,...,n. (3.13)
(In particular, if g!" is diagonal, then 7 is a purely imaginary diagonal matrix.)
REMARK. Here g, is really represented in the affine algebra aff(n + 2, C). It can
also be represented in sl(n + 3, C) by subtracting

n+3| 2 70T
from the matrix in Proposition 3.2, thereby getting
[ A 1
—(n+2)a—§tr'r 0
0 —(n +2)a'—%—tr‘r'
al + 1
(n+4)a’ — —l-tr T
L 3 J

(3.14)

where a’ = —a/2(n + 3)and " = 7 — (tr 7 /(n + 3))1, so 1’ also satisfies (3.13).
In the case n = 2, on the other hand, (3.9) only yields ¢ = —-A,A,b instead of
b = ¢ = 0. It turns out that in this case the Lie algebra g, is 4-dimensional. The
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calculations and results are more complicated than in the case n > 3, and we do
not show them here.

ProrosiITION 3.3. g, = 0, provided n > 3.

PROOF. g, consists of all pairs (0_,, 6_;), where 6_,: ¢ ,—>¢g_, and 0_;: g_, —> gy
are R-linear mappings such that
0_2([X_,, Y—I]) = o (X_)(Y_) — o (Y_)(X), (3.15)
0= O—I(X-l)(X-z) + [X-p 0_2(X_2)], (316)
forall X_,, Y €g_,and X, € g_,.
By Proposition 3.2, we can write o_y(e,) = {*e, and o_,(¢) = (a;, 7), 0_,(Je) =

(a/, 7)), where {¥ € C, a;, a € R, and 7,, 7/ are diagonal matrices satisfying (3.12).
Put X_, = £'¢;and Y_; = £%; in (3.15), where ¢', £/ € R. We obtain, using (3.3),

VZ1 g2 (88 — ¢'¢)8ke, = £1(3a, + 17)% — §'(3a, + 1F)t"e,,

where we have written 7, = diag(r), ..., 7). Since e, are linearly independent
over C and ¢/, ¢” are arbitrary, we deduce

V=T (g3 — g0)8k = 8¥(3a, + 1) — 8+(3a, + 7).

Recall that g # O only if j = i. For given i, take j different from i and i and k = .
Then
la,+ /=0 forallj+#i,j+#1i. 3.17)

Take the conjugate using (3.13), and deduce
lg,— 1/ =0 forallj#i,j #1. (3.18)

Consequently ¢, = 0 (and 7/ = O for allj different from i, i). Similarly a =0.

By the representation in Proposition 3.2, we therefore see that o_,(X_)(X_,) =0
for all X_;, € g_, and X_, € g_,. Therefore (3.16), together with the nondegeneracy
of [, ], implies that 6_, = 0. Then (3.15) reduces to:

‘ o (X)Y)=0_(Y)X) forallX,Y € g_,. (3.19)
Define (X, Y) = [X,JY] for all X, Y € g_,, so that { , > is a nondegenerate
symmetric bilinear form on g_,. For every Z € g_,, we have seen that o_,(Z) is
zero on g_,, so from (3.4) we get

[o.(Z)(X), Y] +[X, 0(Z)(Y)] =0,
or
o_(Z)(X), Y) = <X, 0_(Z)(Y))

for all X, Y, Z € g_,, since 6_,(Z) is complex linear on g_,. This, with (3.19) and
the usual proof of the vanishing of the first prolongation of o(n, R), shows that
0_,(Z) is zero on g_, for all Z € g_,. Summarizing, we have:
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THEOREM 3.4. Let g_, D g_, be a pseudo-complex graded Lie algebra with dimgg_,
= 2, dim¢ g_, = n > 3, defined by a most nondegenerate Hermitian map L: g_, X
g1 > @, Let g% = (g5),,; be matrices defined by (3.1) with respect to bases chosen
according to Lemma 2.1. Then the prolongation of g_, ® g_, is g_, D g_, ® g, and
has a representation in aff(n + 2, C) C gl(n + 3, C) by means of block matrices,
given by

(r 3

a 0| " VT x|
0 a|® V-ly
0 0| jal+71| ¢

0 010 0

ta,x,y ER,{' €C, 7 = diag(r") with o= —'F"L,

(3.20)
where {* are defined by (3.2) and i by (2.4).

4. The equivalence problem. Now that the finite dimensionality of the prolonga-
tion of the graded Lie algebra associated to a real submanifold of codimension 2 is
established, we can proceed to solve the pseudoconformal equivalence problem.

Let M be an RC-regular (2n + 2)-dimensional real submanifold of C"*? (n > 3),
whose Levi form L at every point is most nondegenerate. Let {e), ..., e,
Je,, ..., Je,} be a basis of H(M) in a coordinate neighborhood, and {e,, e,} a
basis of T(M)/H(M), such that g* (a = 1’,2’) are in the standard forms of
Lemma 2.1. Fix three real parameters among A;, and the order of A,. Then by
Lemma 2.2, e,. and e, are uniquely determined up to a common scalar multiple.
They have representatives é,., é,, € T(M) defined up to linear combinations of e,
Je. Let (8", 0%, 8], 65} be the dual basis of {é,, &,, ¢, Je;}. Then §* are uniquely
determined by e,. We therefore have a well defined line bundle over M consisting
of all multiples 48" with u € R. Since we are interested in only the local problem,
there is no loss of generality in taking the positive ray bundle E consisting of all
uf" with u > 0. On E, the forms w* which are the liftings of u* are well defined.

On M, define the complex forms 8° = 8/ + V-1 @i fori =1, ..., n. The dual
of the relation

L(X, Y) =[X,JY] mod X, JX,
is
dos = -V-1g30' N\ # modéV,e?, 4.1)

where g are defined by (2.3). Since g are assumed to be in standard form, the
only nonzero entries are gf with i defined by (2.4). Write g = g, so

0 = V=1 g9’ NG +A20° \ 0
+AZOP NG+ 49" N 6% (4.2)

for each a (summation over B, i).
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LEMMA 4.1. Under a transformation 0% = 0° + B0", the coefficients B, are
uniquely determined by A}, = A%, = 0.

PROOF. Let A}, A** be the new coefficients when 8’ are substituted by 6* in
(4.2). Equating the coefficients of 82 A 6°, we get

Ag =V -1 g,."‘B; +A45°
for each a, B, i. Since g are nonzero, the assertion follows.

Assuming that the transformation of Lemma 4.1 has been done, we can now
write

d9* = —V-1 g™0' N\ O + A0 N\ '
+AK0NO + A9V N 0% (4.3)
for each a.
On E, w® = uf*, sodw® = du )\ 0° + udf*, and we obtain from (4.3),
do® = V=T g  A¥ +6° N + 470" Ay
+Ziawa A 47 + A% A w?, (4.4)

where ¢’ =Vu 0, ¢ = —du/u, and 4" and A* are different from the previous
values by functions of u. The dual of Lemma 2.1 then yields

PROPOSITION 4.2. The collection of all (Y',...,y") satisfying (44) forms a
principal G,-bundle Y over E, where G, = {exp 7: 7 = diag(¢’), t' = -t'}. Yis a
principal Gy-bundle over M, where

u O
Gy=1|0 u

:u > 0, 7 = diag(¢), f=—f. (4.5)

| Vi expr

If we use ¢’ as the fiber coordinates in Y — E, then the forms w’ = e‘y’ are well
defined on Y, and (4.4) lifted to Y reads

dw® = -V-1 gfw' AI);+ WINAD+ AL AW + Af0* A + A% A W,
(4.6)
where A4 differ from the previous values by functions of #‘. We note that w®, ',

@’, ¢ are linearly independent, and ¢ is indeterminate by linear combinations of w’,
@ and w".

LemMmA 4.3. Under a transformation ¢* = ¢ + Bw' + EB' + B,w?, the coeffi-
cients B;, B, are uniquely determined by A’ + A¥ =0and A = 0.

PROOF. Let A**, A** be the new coefficients when ¢* is substituted for ¢ in (4.6).
Then

A¥* + B, = A" foreacha,i
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and
A*0" N\ 0¥ + Bw* ANwY= A" foreacha.

The assertion is now clear.
Summarizing so far, we have uniquely determined linearly independent forms
w?, w', @, ¢ on Y such that

do™ = -V=1 gfa' NG +0" N ¢ + A%0" No' + 470 NG, (47)
AY + A7 =0 for eachi. (4.8)

Before we look at dw', we first notice that, when M is given by two real
equations r%(z%,z) =0, a = 1’, 2/, we can take 8* = idr* and 8’ = dz’, so that
for this choice of 8%, *, we have d§’ = 0. Therefore for any other choice of 8¢, §°,
the 2-forms d’ lie in the differential ideal generated by #* and #‘. We can
therefore write

dow' = o’ /\¢f + 0B N tpg 4.9)
for some 1-forms ¢/, .

LEMMA 4.4. qu = 0 mod w*, &', WY ifi #j, and ¢} = 2<j>+ 1 for some 1-forms 7'
satisfying

T +7 =0 modwk &, w. (4.10)

PrOOF. The exterior derivative of (4.7) is
0=-V-ldg* Nw' A&-V-1 g*dw' A& +V_1 gfw' A\ de'
+do* Nd — w* ANdop + dAZ Nw* Nw' + dAF N N &'
+dw®* N (A,.“wi + ;i_,.‘%") - w*A (A,."‘dw" + I,.“da") 4.11)

for each a. First disregard the terms involving w” after substitution using (4.7) and
(4.9), and get

0=-V-ldg® N A® — V-1 g Ao} A
+ V-1 gre! A& A9 — Vo1 glul AB' NG

-V-1grfo' N @' /\(A ok + Z,:"E)") mod w?. (4.12)

Note that dg* involve only w*, &’ and w” since g* are functions on M. Hence,
modulo w”,

0=V -1gfw /\w’/\¢’+V 1 gfw /\w’/\¢,
-V-1gw' A& A ¢ + (terms involving only w*, ©*),
where 8,.; is the Kronecker delta. Hence

gla¢l + 8i ¢j - gxas ¢E 0 mOd wk’ al’ w. (4.13)
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If i #J,

g% + g%/ =0 mod vk, &, w.

Since g are not proportional to g2, this implies that ¢/ = 0 mod w*, &/, w?. On
the other hand, if i = j, (4.13) reduces to

5

gl + gfoi =gf¢ mod wk, @', 0.

Write
i = ¢/ —3¢ foreachi. (4.19)
Then (4.10) follows.
PROPOSITION 4.5. The 1-forms w*, &', w", ¢, 7' are linearly independent on Y.

PrOOF. From (4.9) and the definition w’ = e‘y’, we have 7/ = (...)dt' + . ..
with nonzero coefficient. Here ¢ are fiber coordinates of ¥ — E.

]

LEMMA 4.6. Y4 = 0 mod w*, &', w”.

PrOOF. Fix a and look at the terms in (4.11) involving w? with 8  a. Using
(4.7) and (4.9), we get

0= —VT gfwf A s A + VT gfo AwP AT

+w? A (terms involving only w*, @) + @* AP A(...).
The lemma easily follows.
From Lemmas 4.4 and 4.6, we can now write (4.9) as

do’ = ' N (%(b + fi) + Bjw N w* + Clo* N&'
+BhwP Nk + ChfP A"+ DoV N W7, (4.15)
where Bj, = -B,, for all i, j, k.
LEMMA 4.7. Under a transformation
™ =1 + Elo* + Fio* + Ejw?, (4.16)
the coefficients Ej, F; and Ej are uniquely determined by the conditions
7i=—#, C,=0 and Bj= B forallij,B. (4.17)
PrOOF. By (4.10), we can write
T +7 = Gjo* + Hjo* + Hjw?, foreachi,
)
i+ 7 = Glok + Hjo* + HjwP.
But the left-hand sides are conjugate, so

Gi=Hi, Hj=H (4.18)
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On the other hand, under the transformation (4.16), we have
47 = 1l 47+ (Ejok + Fo* + EjwP) + (E@* + Fu* + EjwP)
= (Gi + E[ + F)o* + (Hi + F + E[)a* + (Hj + Ej + Ej)wP.
This can be set to equal zero by choosing, say,

E{=Fi=-1G} Ej=-1H],

because of (4.18). We can therefore assume that ' already satisfies = —7i and
look at the transformation (4.16) where 7* = —7* so
Fi+ E =0, Ej+Ej=0 foreachi,k,§. (4.19)
Let 8%, etc., be the coefficients in (4.15) when 7' are replaced by 7*'. Then
(B/'k - BJZ')w’ Nk = Ejw' A\ v, (4.20)
(Ch — CHw* N&' = Flo' A&, (4.21)
(Bjy — Bii)wP N w* = —EjwP A\ w'. (4.22)

From (4.21), C; — C% = F/, so F}, hence also E/ by (4.19), are uniquely de-
termined by C* = 0 for all i, /. From (4.22),

BY = By, + E; foralli, B,
so
B =B +E; foralliB.
If we require B_g,.i = B3 for all i, B, then Ej are uniquely given by

Eg = %(BEF - Bé;i)
because of (4.19). The proof of the lemma is now complete.
Summarizing, we have

THEOREM 4.8. Let M be an RC-regular (2n + 2)-dimensional real submanifold of
C"*2 with n > 3, whose Levi form L at every point is most nondegenerate. Let g*
(a = 1, 2") be the matrices of the Levi form normalized according to Lemma 2.1. Fix
three real parameters among the eigenvalues X, of (g")'g?, and the order of \,. Then
locally there is a well defined Gy-bundle Y over M, where G, is the group defined in
(4.5), and uniquely defined forms ', &/, w® ¢, ' which form a basis of the
complexified cotangent bundle of Y, where w® and ¢ are real, and v° = -7, satisfying
the structure equations (4.7) and (4.15), subject to the conditions (4.8) and (4.17). Two
such real analytic submanifolds are locally pseudo conformally equivalent if and only if
there is a local diffeomorphism preserving the matrices g* and the forms w', &@’, w*®, ¢,
7' on the associated G-bundles.

PrOOF. Only the sufficiency of the last condition needs to be proved, and this
can be done in the same way as [2, Theorem 4.6].
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5. The case of equivalent Levi forms. We now assume that the Levi forms at all
points are equivalent, so g are constant on M. By exploiting the identities
ddw® = 0 = ddw’, we will show that d¢ and dr' do not involve ¢ and . For any
function f on Y, let us write

df = fw' + fo' + fw* + f 0+ fir'. (5.1)
PROPOSITION 5.1. d¢ does not involve ¢ and v/, and we have A, =14 and
Afy = 6,A for each a, i, j.

Proor. The exterior derivative of (4.7) yields (4.11). _Substitute from (4.7) and
(4.15) and look at'the terms involving w” A ¢ or ¥ A 7'. Let d’¢p be the part of d¢
involving ¢ and /. Then

0= (470" No'+ A% N&') N ¢
—OT NG+ (A5 + ALGT) Nt N6
+ (A% + AZHT) N N
+0 AP A (470" + 475") — Af0* N’ A (30 + )
— A6 NB A (39 + 7)
= w° /\[—d’¢ + AR NS+ AZGEI AT+ AL N ¢
+AZGE AT = AT N (36 + ) — AN (3 + "-'i)]'
Consequently
d'¢ = (A7 =347’ No + (47 — A8t N7
+conjugates + w* A (.. .).

This should hold for @ = 1’, 2/, so the last term should be a multiple of w! A w?,
and can therefore be dropped.
Furthermore, we have

g Vg1 42 1 42
Ai‘¢ - iAi = Ai,¢ 2Ai .

Using (4.8), we therefore get 4% — ;4% =0, and similarly 4%, — 46, = 0.
Hence d'¢ = 0.

PROPOSITION 5.2. By, = O for every B, i.
PRrOOF. For fixed a, the terms in (4.11) which involve w? A w* A @' with B8 #* a
are
= V-1 g2Bjhwf Aok NG + V=T gfo' A Biwf A&,
s0 g7 Bl + geBL = 0 for each k, I and for a # B. Putting k = [ and using (4.17),
we get Bg, = 0 for each B, k.

ProPOSITION 5.3. B,.j‘ is a constant multiple of A for each i, k, and a.



REAL SUBMANIFOLDS OF CODIMENSION TWO 345

PrOOF. The terms involving o’ A w* A @’in (4.11) are
0= -V-T g#Bjw’ No* AT + VT goCiw’ Ak Ao
V=T gf420' A& Awk
=-V-1 [g,-“BjL + g°Cl, — &“A,f‘S,;]w’ A o* Nal.
Hence
0 = g7B; + &°Ci — 8°AL8; —g°B, — g2C) + geA 7oy (52)
In particular, put / = j # k. Then, using (4.17), we obtain
0 =2g"B}, — /A — g,;"(,_‘i,’." for j # k, for each a.
Write this as

5" (2B} — A7) = 5iCF.
Put a = 1’, 2’ and eliminate C_;‘ to obtain
26 (28 - A7) = slg? (28 — 42),
hence
B = A (g/si + 8i87)/Ag'sk — ag’)-
(Note that the denominator is nonzero by nonproportionality of g'" and g7')
PROPOSITION 5.4. dr’ does not involve ¢, .
PrOOF. The exterior derivative of (4.15) is
0=dw' A (3¢ + 1) — 0’ A (3d¢ + dr’) + 2B} dw’ N\ w*
+C, dw* N\ &' — C,ﬁ,wk ANdo' + Bék(dwﬁ NAwk —wf A dwk)
+ Cé,(dwﬁ Aw' — wf N d&':’) + Di(dw" N w? — 0" A dwz')
+dBi N N\ w* + dC) Nw* N&' + dBj N\ wP N\ w*
+dCy N\ wP N@' + dD' N\ o' NP (5.3)
Let d’t’ be the part of dr’ involving ¢ or 7/. Substituting (4.7) and (4.15) in (5.3)

and using (4.17) and Proposition 5.2 to simplify the terms involving w’ A ¢ or
w' A 7%, we obtain

0=2Biw' Nk A(3¢+ 1) — 0 Nd'T!
+2Bj0" A (3 + 7)) Ae* + 2B/ A (56 + ) Ao
+2(Bjy + Bi(pt’) Nw' N o
= W' A[-d'1' = 2Bk A (39 + ) + 205 A (Biyd + Bi(y™) |-

i

Now from Propositions 5.1 and 5.3, we have B;, =3B, and Bj , = 8, B;.
Therefore w’ A d’t' = 0, which implies that
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d't'=w' AN(K'¢ + Ljr)
for some functions K’ and L. Then
d'ri = w;A (K"-¢ + Lj"r’)

= —d'7 = &' A\ (K'¢ + Li¥).

Since w’ occurs on one side but not the other, we conclude that K* = 0 = L/, so
d'r' =0.

6. Simplification of the structure equations in special cases. The structure equa-
tions (4.7), (4.15) of a most nondegenerate real submanifold of codimension 2
involve quite a number of functions. In general these may not be identically zero
(though explicit examples are hard to construct, owing to the need for diagonaliz-
ing matrices), making the formulas for d¢ and dr’ very complicated. We will
therefore assume that some of these functions are identically zero, and derive some
relations among the other functions.

First, assume that g¢ are constant and 4, = O for each a, i. Then equation (4.7)
reduces to

dw® = V=1 g0 AB' +0* A ¢ (6.1)
Its exterior derivative is
0=-V-1 g*(do' A®' —w' Add') + do® Ad — 0 ANdp.  (62)

PROPOSITION 6.1. If g* are constant and A® = O for all a, i we have the following
relations among By, and Cy;:

8°By = —g°Bj; for a #+ B, (6.3)
g'Bi; = -1, (64)
8°Cs; = &'Chi for a # B, (6.5)
g'Ci;= —g¥Ci; fori+#j. (6.6)

Furthermore,
dp = -V-T (gfBLwk NG + geBlo* NG +giCho* N o' + gfCLa* N
VT (" — gl'w?) A (Do — Do)
+ Ew" A\ w?, for each a. (6.7)
PROOF. Substitute (4.15) and (6.1) in (6.2). The terms involving w? are
0= -V=1 g*(Bjw? Aw* + ChwP A& + Dio" Aw?) NG
+V-1gfw' A (B_,;;,w'3 Ao+ C_'l';kwﬂ Awk + D" /\wzl)
-w* A\ do. (6.8)
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For a given a, the coefficients of the terms w? A w* A @' and w? A &% A @’ with
B # a give
0=-V-T(gBj + geBk).  0=-V=T(8Ch — £:Ch)-

These are (6.3) and (6.5).
On the other hand, the terms involving w® in (6.8) are

0=0" /\[_\/-_1 g2(Biw* + Clg) A&’
RV g,.“w"/\(E,,':,a’ + 5;-,@") - d¢]

+ V=T g&(-D*a* + D*w*) A o' A w?. (6.9)
Consequently
dg = -V_1 gfBlw* A& — V-1 gtBha* NG

-V g,-"kaa" A& = V=T goChuvk A w!
+wY A u, foreacha, (6.10)

for some 1-forms p, . Substitution back into (6.9) gives

g =V -1 g,f'(D"B" - B'Zw") mod w?
and
gy =-V-1 g,:'(D"Z)". —B'Ew") mod w”,
and hence (6.7). On the other hand, equating the expression (6.10) for a = 1’, 2
gives
g/'Bl, + g/ BY, = g¥B}, + gIB}, (6.11)
8/Cl — 8YCly = 87 Co — 8 C3. (6.12)
Substitution of (6.3) into (6.11) to eliminate B—é‘; yields (6.4), making use of the
nonproportionality of g, gZ and Proposition 5.2. Similarly (6.5) and (6.12) yield
(6.6).

For the purpose of the next proposition, we will write A,; = g/g? — g7g! for
each i, j, so A, # 0 for i # .

PROPOSITION 6.2. If g* are constant and A" = 0 for all a, i, we have

24;. B}, = -8,;C}, (6.13)
A;Ch = BgCy, (6.14)
Bl =0=Ci, (6.15)

for all j, k, .
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ProoF. From (5.2), which holds under the assumption g* = constant, putting
Af =0 we get

2g7Bl, = g°C, — geCl forallj, k, 1, a.
Putting a = 1’, 2’, we obtain two equations in Bk’;, C—',’k and C_‘,j" from which we can
eliminate one and obtain (6.13) and (6.14). Putting / = j % k in (6.13) and using
(4.17), we get Bk'j = 0 for j # k (and hence for all j, k). Putting / = k # in (6.14)
and using (4.17), we get C’{k = 0 for j # k, and hence for all j, k.

COROLLARY 6.3. Under the same assumptions, if j')( = 0for all i, j, k, then j')‘ =0
for all i, j, k.

ProOF. For i #, it follows from (6.13) by putting [ # k; whereas for i = j it
follows from (6.15).
Next we assume further that Cj, are identically zero.

THEOREM 6.4. Assume that g* are constant and A = 0 = C; for all a, i, j, k.

Then all the functions appearing in (4.15) vanish, and the structure equations reduce to
(6.1) and

dw' = ' A\ (%q) + 1"), (6.16)
do =0, 6.17)
d'Ti = aiwi /\(T)‘-, (6.18)

subject to a' = a’'.
ProoF. Using Corollary 6.3, we rewrite (4.15) as
dw' = o' /\(%q& + 7') + Békwﬂ A w* + Cé,wﬁ/\c_o'
+Diw A w?, (6.19)
and its exterior derivative as
0=do' A6+ 1) — 0 A(3dd + dr') + B (dw? N\ 0k — 0P A dw*)
+C;,,(dwﬁ/\51 - wﬁ/\dz’l) +Di(dwl’/\w2' _ b)l’/\dwz')
+dBjy N wP Nw* + dCy NP NG+ dD' N A W7 (6.20)
The terms in (6.20) involving w’, after substituting from (6.1) and (6.19) and using
Bg, = 0, yield
ldg + dr' = -V-1 gPBy&' N — By BrwP N\ w?
~VZT gfCioi N&' — CiyChaB A w?
V71 g'D'e' Aw? + V-1 g2D'5' Aw"
+B,§k’,.w” A ok + C;;,’,.w" A&+ Dio" N\ w7,
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mod w’ for each i. The conjugate of this equation with i instead of i gives a similar
formula for 3d¢ + d7’ =1d¢ — dr'. The addition of these two formulas therefore
gives

dp = - (BjuBk + C}yCk + B} B} +c,‘,,‘c")¢.ﬂ3/\wy
+B[§k’iw3 A ok + C;,,,,-wﬁ/\a + D",.w "Aw?¥

+ By wP A& + Chaof Aw* + D' Aw?, (6.21)
mod w’ and (T:"., for each i. Compare with (6.7). For any k, /, we can choose an
index i not equal to k and /. Then the terms involving w* A @’ and w* A ' in (6.7)
give

8,931 + ngal =0= gkC 87 Cax
for each a, k, /. Combining with (6.3) and (6.5), using the nonproportionality of g,

g7, we easily obtain BX = 0 = Ck for k # I for all @, thus BX = 0 for all o, k&, /.
Now (6.21) reduces to
de = (D', + 5’,)0)‘ A «? mod ' and &’

for each i. For each k, we can choose i # k. Then the term in (6.7) involving
w! A\ w* gives D* = 0, and then the term involving w' A w? gives E = 0, and
(6.17) is proved.

So far we have proved that all the functions appearing in (4.15) except C/;
vanish. For any i/, the terms in (6.20) involving o N w* AN@' now reduce to

=-V-1gf aw* A ©* A @' mod ', so for k #i it follows that C}; = 0, and

(6. 16) is proved. Fmally, (6.18) follows easily from the exterior derivative of (6.16).

REMARK. In the proof of this theorem, the identities ddw’ = 0 have not been fully
exploited. It is conceivable that the theorem holds under weaker hypothesis, but
other methods of attack seem necessary for its proof.

7. A standard pseudoconformally flat submanifold. In the complex projective
space CP"*?2 there is a standard quartic of codimension 2, denoted by Q, given in

homogeneous coordinates z", z%, z!, . .., z", z"*! by the equations
fa — zjzk zoagntl _ zayn+l 0, (7.1)
a = 1’, 2’ (summation over Jj, k =1, ..., n) orin affine coordinates in C"*2, by
grz/zh — z% — 2% = 0. (7.2)

Here g are given constants. We introduce the real forms 6", §% and complex
forms@',...,0"on Q N C"*? by

=V -19* fora=1,2,
0'=dz' fori=1,...,n. (7.3)
These are linearly independent and satisfy

= V-1 gat/ A 6%, (7.4)
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dé’ = 0. (1.5)

From these it follows easily that if g* are both nonsingular and det(Ag" — g?%)
has all distinct roots, then Q is a submanifold whose Levi form at every point is
most nondegenerate; and if furthermore n > 3 and g* are normalized as in Lemma
2.1, the structure equations as constructed in §4 are

dw® = -V-1 gjzwj/\fo"‘ + W A\ ¢,
dw' = w' N\ (%qb + 1"),
dp = dr' = 0. (7.6)

The submanifold Q can therefore be called a pseudoconformally flat submanifold
of CP"*2, It plays the same part as the usual real hyperquadric in the case of
codimension one. Let G be the group of projective transformations of CP"*2
leaving Q invariant. It is a quotient group (by the group K of (n + 3)th roots of
unity) of the subgroup G’ of SL(n + 3, C) leaving the Hermitian forms f* of (7.1)
invariant up to scalar multiples. Let X* be the matrices of f* with respect to the
ordered basis (z', z%,z',...,z",z"*") of C"*3. Then G’ = (g € SL(n + 3, C):
'eX g = r®X* for some r* € R \ {0}}. Its Lie algebra § consists of the matrices
A €sl(n + 3, C) such that ‘AX* + X°4 = r°X* for some r* € R. A routine
calculation shows that g is the same as the representation in sl(n + 3, C) of the Lie
algebra g_, @ g_; ® g, calculated in §3.
The group G is also isomorphic to a subgroup G of

Aff(n + 2, C) Cc GL(n + 3, C)

by means of the homomorphism h: G’ — Aff(n + 2, C) defined by h(g) = b7'g,
where b is the (n + 3, n + 3)th entry in the matrix g; ker 4 is the group K of
(n + 3)th roots of unity. The Lie algebra of G is the same as g = g_, D g_; @ g, of
Theorem 3.4.

REMARK. The referee has pointed out that the material in this section is very
close to work of S. Murakami (On automorphisms of Siegel domains, Lecture Notes
in Math., vol. 286, Springer-Verlag, Berlin and New York, 1972).

8. The Cartan connection. Let M be a (2n + 2)-dimensional submanifold of C**?
(n > 3), whose Levi forms at all points are equivalent and most nondegenerate, so
g are constants, which are assumed to be in standard form. Let G be the group
defined in the last section in terms of this Levi form. Let G, be the group defined
by (4.5), considered as a subgroup of G. Recall that Y is a G-principal bundle over
M, and dim G = 3n + 3 = dim G, + dim M.

A Cartan connection [4] of type G/ G, on the bundle Y — M is a g-valued 1-form
w on Y such that (i) restricted to each fibre of Y, w is the Maurer-Cartan form of
Gy, (i) Rfw = Ad( g™ - wforall g € Gy, (iii) w(X) # O for every nonzero tangent
vector X of Y. It can be considered as a connection in the associated G-principal
bundle over M.
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Write the Maurer-Cartan form of G as

850 g,;ak V-1 w®
Al . . .
[773] = 0 @1(%4) + 1,1) W' s (81)
0 0
where 4, B run through 1,2, 1,...,n, n + 1, and a, B, i, j are as before, and
there is summation over k. Here w*, ¢ are real forms and w', 7' are complex forms
satisfying 7 = —7' for each i. Then the Maurer-Cartan equations drjl = -7d A\ 75

reduce to the equations (7.6). The Maurer-Cartan forms of G, are obtained by
putting w® and ' equal to zero.

Now given the submanifold M, we can construct the G,-principal bundle Y and
the forms w®, w’, ¢, 7° as in §4, and define 75 by (8.1). We then have a g-valued
1-form w = (74) on Y satisfying the conditions (1) and (3) for a Cartan connec-
tion. Let I1§ = drgy + n¢ A m§. Thus

e, , =V -1 (420" No* + 420" AB¥),
L1 = Biw Nw* + Gl No' + BwP Nk
+ Cé,wﬂ A&+ DoV N w?. (8.2)
Under the right translation by g € G,, it may be directly verified from the
construction that w® and ' transform according to Ad(g™'). On the other hand,

the forms ¢ and 7' satisfying (4.7) and (4.15) are uniquely determined by the
relations (4.8) and (4.17), which are invariant under the transformations

(75) > Ad(g™)- (75) and (I13) —>Ad(g™)- (IT3).
Therefore we must have RYw = (Ad( g7") - w), and the theorem:

THEOREM 8.1. Let M be a (2n + 2)-dimensional submanifold of C*** (n > 3) such
that the Levi forms at all points are equivalent and most nondegenerate. Let Y be the
G-principal bundle over M defined in §4. Then there is a unique Cartan connection of
type G/ G, on the bundle Y which is characterized by (4.8) and (4.17).

We call the unique Cartan connection in the above theorem the normal pseudo-
conformal connection of M.

Combining Theorems 4.8 and 8.1, we see that the local pseudoconformal
invariants of M are all determined by the normal pseudoconformal connection.
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